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The time devlopment of proton polarization of para-
terphenyl at room temperature depends on the structure of
polarization cycle, the electron triplet state population, the
inter-system crossing rate, the polarization transfer rate, the
decay and relaxation of electrons and protons spin, etc.
Therefore, the optimum condition for polarization depends
on many parameters. By comparing the experiment results,
it is possible to deduce those parameters and understand the
polarization mechanism. This report focuses on the theoret-
ical aspect and a mathematical model from first principle.

Figure 1. Simplified polarization cycle.

Pulsed laser dynamic nuclear polarization can be divided
in 3 phases. A simplified polarization cycle is shown in
Fig. 1. First, the electrons are excited and polarized by laser
irradiation [1](Fig. 2). Then, the polarization of electron is
transfered to nucleus by microwave irradiation at the ESR
(electron spin resonance) frequency [2] [3]. The last phase
is the decay of excited electrons to the ground state [1] and
polarization diffusion among the polarized proton and its
neighbor protons. Calculation of proton polarization will
be separated into 3 parts: 1) time development of electron
population, 2) residual effect of polarization cycle and 3)
the rate equation of proton polarization.

Figure 2. Simplified excited state of pentacene. S∗
0 are vibration

states.

The excited energy levels of pentacene, which is the po-
larization agent, is shown in Fig. 2. The electron population
among the first excited singlet state S1, the ground state S0,
and the first triplet state N1, N0, N−1 in T1, can be calcu-
lated by a rate equation:

d ~N

dt
= R · ~N, ~N = (NS1

, N1, N0, N−1, NS0
) (1)

whereRij is the transition rate between state j to state i. For
example, R21 = g1 is the transition rate from S1 to N1. We
compared the numerical values of the transition rate from
ref. [4] [5] [6]. We found that only the order of magnitude
of the values are consistence. Therefore, we guess the pa-
rameters in order to produce similar result with the experi-
ment. The solution of the rate equation is simple due to the
time-independent rate matrix R, which is:

~N(t) = eRt · ~N(0) (2)

Similarly, the solution of the population for laser-off is:

~N(t) = eR0t · ~N(0) (3)

where R0 is the transition rate matrix when laser-off, i.e.
The term W in Fig. 2 becomes zero. The parameters are
listed at Table 1. The parameter k0 and k−1 is deduced from
our experiment that the decay time constant for |m = 0〉 is
25 µs and |m = −1〉 is 85 µs (see other report). The simu-
lated populations evolution of the triplet state are shown in
Fig. 3.

Table 1. Simulation Parameters [×106s−1]
A 50 #
W 0.2*× Laser power[W]

Laser power 1W
g1 0.100*
g0 1.000*
g−1 0.100*
k1 0.0118*
k0 0.040†
k−1 0.0118†
ω10 0.005*
ω0−1 0.005*
ω1−1 0

# from [6]
* guess value
†experimental value

The relaxation of electron polarization occurs during
”laser-off” (Fig. 1). If some electrons left on the excited



Figure 3. Triplet state population.

state at the beginning of next laser pulse, the populations in
the next cycle will be affected. If we denote the population
during the n-th laser pulse be ~Nn(t), the laser pulse width
be tp and laser-off width be td, we have

~Nn(t) = eRt · Ωn−1 · ~N0(0), Ω = eR0td · eRtp (4)

The simulations are shown in Fig. 4 and 5. The simu-
lated laser pulse width is 80 µs and frequency 6.25 kHz.
The population reaches equilibrium after 30 cycles. The
residual population increases N−1 and reduces the mag-
netization (= ∆N = N0 − N−1). Comparing with the
number of cycle in a polarization process (at least 60,000
cycles), the populations are unchanged. We can compare
them with experiment data (in other report), such that the
proton polarization is proportional to the electron magne-
tization (equation (9)). There are some similar features in
Fig. 4 and experiment results. The maximum magnetization
has a maximum around 50 µs. The magnetization inverted
around 20 µs after the laser pulse.

Figure 4. Triplet state population on 1st cycle. See main text.

Figure 5. Triplet state population on 15th cycle. The curves are
periodically continuous.

A detail calculation of polarization transfer rate on Solid
Effect (SE) and Integrated Solid Effect (ISE) can be found

in ref. [3]. Instead of doing so, we use a phenomenological
approach that, the proton polarization rate equation are:

dρ↑
dt

=
B

2
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A

2
(+N0ρ↓ −N−1ρ↑) (5)

dρ↓
dt

=
B

2
(−ρ↓ + ρ↑) +

A

2
(−N0ρ↓ +N−1ρ↑) (6)

where, ρ↑, ρ↓ are proton spin-up or spin down population.
A is the polarization transfer rate, which depends on the
microwave timing and the Hartmann-Hahn condition. B is
the nuclear spin relaxation rate and N = N0 + N−1 is the
total population of electron triple state |m = 0〉 and |m =
−1〉. The electron population is assumed to be constant
during the polarization transfer. The polarization is:

Pp =
ρ↑ − ρ↓

(ρ↑ + ρ↓ = 1)
, Pe =

N0 −N−1
(N0 +N−1 = N)

dPp

dt
=
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2
Pe − (

AN

2
+B)Pp (7)

Converting this differential equation into a difference equa-
tion by discretization. We set the polarization in the n-th
laser pulse be P (n),

Pp(n)− Pp(n− 1) =
AN

2f
Pe − (

AN

2f
+
B

f
)Pp(n− 1)(8)

the electron polarization and population does not change
with n due to the equilibrium for large n shown in Fig. 5.
Solving for the difference equation, we get:

Pp(n) =
AN

AN + 2B
Pe
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1− 1

f

(
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2
+B

))n)
(9)

In summery, we assumed the values of the rate matrix’s
elements (Table 1) to produce the electron magnetization
(∆N ). We also studied the residual effect. It turns out that
the electron populations reaches dynamic equilibrium after
30 cycles. later, we assumed the electron population does
not change during polarization transfer and we got the pro-
ton polarization time development equation (9). A further
study on a coupled equation on electron population and pro-
ton population should be solved to get a realistic rate equa-
tion. The quantum mechanics treatment [3] should also be
applied.
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